We demonstrate the presence of modular properties in partition functions of TT deformed conformal field theories. These properties are verified explicitly for the deformed free boson. The modular features facilitate a derivation of the asymptotic density of states in these theories, which turns out to interpolate between Cardy and Hagedorn behaviours. We also point out a sub-sector of the spectrum that remains undeformed under the TT flow. Finally, we comment on the deformation of the CFT vacuum character and its implications for the holographic dual. 
Introduction
The search for interacting and yet exactly solvable examples of quantum field theories has always been a major theme in theoretical physics. The best known examples of such theories contain integrable structures or possess special symmetries. The study of these theories provide a wealth of techniques which underlies a large part of our understanding about the microscopic world and collective phenomena.
Conformal field theories form a broad class of solvable theories. One of their best known uses is the description of fixed points of RG flows. In fact, the space of quantum field theories can be classified as fixed points which are conformally invariant and their deformations. While there has been extensive studies on relevant and marginal deformations, the study of irrelevant deformations remains largely unexplored. Irrelevant deformations, by definition, do not affect the IR behavior but will generally affect UV physics. It is challenging to study irrelevant deformations due to both technical and conceptual difficulties. In general, it is unclear whether an irrelevant deformation will lead to a well-defined theory in the UV limit.
Recently, a very interesting kind of irrelevant deformation called TT -deformation has been proposed [1, 2] and it has attracted growing attention. The TT deformation can be defined for any quantum field theory in 1+1 dimensions (see also [3, 4] for higher dimensional proposals). It defines a continuous family of theories along a trajectory in the field theory space whose tangent vector at each point is defined as the TT operator, which is nothing but − 1 2 det T µν where T µν is the stress-energy tensor of the theory. This deformation forms a special class RG trajectories that flow 'up' from the IR to the UV [5] .
The TT deformation has a number of remarkable features which make it interesting. To start with, although the deformation leads to rather complicated and usually non-local Lagrangians [2, 6] , the deformed spectrum can be determined non-perturbatively and takes a remarkably compact form. What's more interesting is that this fact can be derived from several different points of view.
The original interest in this kind of deformation comes from the study of integrable field theories. It is shown in [1, 2] that the TT operator is the lowest dimensional member of a family of irrelevant operators which trigger integrable deformations for integrable quantum field theories. The deformation is integrable in the sense that it preserves an infinite number of conserved charges along the flow. At the level of the factorized S-matrix, the TT deformation simply modifies the S-matrix by multiplying a CDD factor. This makes it possible to adapt many powerful techniques such as Bethe ansatz and form factor bootstrap approach to study the deformed theories. By using the thermodynamic Bethe ansatz one can see easily that for integrable field theories, the spectrum deforms in a simple way. In fact, an alternative way to find the deformed spectrum is also proposed in [1, 2] where the authors realized the deformed energy level satisfies the generalized Burgers' equation. This relation is based on an earlier result on the expectation value of TT by Zamolodchikov [7] . The Burgers' equation is well-known in fluid dynamics and can be solved readily in this case which gives the deformed spectrum. same time, yet another point of view is proposed in [8, 9] . The TT deformation is also interpreted as coupling the theory to a gravity theory, this time a more specific 2d gravity theory which is Jackiw-Teitelboim gravity. These two approaches, which reproduce the spectrum obtained from integrability, also strongly hint that under the TT deformation, the theory eventually becomes non-local and has features of gravitational theories. These features have been observed already in the previous studies. In particular, it is found that by deforming the Lagrangian of a free boson theory, one ends up with the Nambu-Goto action, which describes a string theory. Therefore, the TT deformation might also provide a new window of investigating toy models of quantum gravity, which makes it even more intriguing.
Let us also mention that there are also interesting proposals on the worldsheet [5, 10] which share the same feature and can be seen as a holographic description of the TT deformation. When the coupling constant takes a negative sign, a holographic dual of the TT deformation has been proposed to be AdS 3 with a radial cut-off [11] . Other related interesting developments can be found in [6, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] .
In this paper, we revisit the partition function of TT deformed CFT. Our main finding is a modular property of the torus partition function. The torus partition function of CFT is invariant under modular transformations. This fact leads to many highly non-trivial results for CFTs, such as the Cardy's formula for the asymptotic density of states [23] . The TT deformed CFT is no longer conformal invariant and it is not clear a priori whether there should be well behaved modular properties for the deformed torus partition function at all. In fact, it is a difficult problem to find modular properties of deformed CFT partition functions 1 . Surprisingly, as we will show in what follows, the deformed partition function has very simple modular behaviour at each order in the TT coupling. This leads to the following modular property
where, λ is the dimensionless perturbative-expansion parameter, ℓ/|ω 1 | (ℓ 2 is the TT coupling and |ω 1 | is the radius of the quantization circle). We demonstrate this for general deformed CFTs using the deformed energy spectrum found in [1, 2] and also the diffusion equation [3] . We also verify this in detail for the free boson as an example. This result demonstrates that, in addition to the integrable structure, QFTs along the TT trajectory also have modular features inherited from the CFT at the IR fixed point. As we can see from (2.1), the modular transformation leads to rescaling of the parameter ℓ. Recalling that ℓ parameterizes different theories along the trajectory, this indicates that general modular transformations maps the torus partition function from one theory to another along the trajectory of TT deformed theories.
Using this modular property, we derive the high energy asymptotics of the density of states in the TT deformed CFTs. The density of states interpolates the Cardy like behavior ρ(E) ∼ e √ E in the IR and a Hagedorn like behavior ρ(E) ∼ e E for E → ∞ in the UV.
Since the Hagedorn behaviour is a typical density growth for a string theory, this is a sharp signal that as we deform the theory, it finally becomes non-local and behaves like a gravity theory. The transition for the density of states was first noticed in [5] by thermodynamic considerations. Here we provide an independent proof and obtain the logarithmic corrections from the modular property of the partition function.
We also point out that there is a special sector in the spectrum which remains untouched by the TT deformation. The states in this special sector satisfy a BPS like condition although we do not need supersymmetry. This implies that the elliptic genus remains invariant under the TT deformation. The nice modular property and the invariant elliptic genus reveal another internal simplicity of the TT deformed theories.
The paper is structured as follows. In Section 2 we provide the general formalism to derive the modular transformation property of the TT deformed partition function. This utilises both the explicit form of the deformed energy spectrum as well as the diffusion equation for the TT deformed partition function. Section 3 contains the explicit calculations for deformed free bosons which verify the general formalism. We find the asymptotic spectral density in Section 4. We point out a protected sector under TT deformations in Section 5. Some implications of the deformed partition function for the conjectured AdS 3 dual is given Section 6. We conclude in Section 7. The appendices contain some technical details on modular forms and their derivatives and higher order expressions.
Modular properties of the partition function
In this section, we prove the modular properties for the deformed partition function (2.1). We first show that the modular properties can be seen explicitly from a perturbative expansion of the deformed partition function. Then we give a proof by mathematical induction based on the diffusion equation satisfied by the deformed partition function.
Perturbation theory for the partition function
We shall study TT deformations of conformal field theories on the torus. Consider a torus with complex periods ω 1 and ω 2 . The partition function of a CFT on this genus-one surface is
where q = e 2πiτ and the modular parameter is τ = ω 2 /ω 1 = τ 1 + iτ 2 . The Hamiltonian of
, the theory is quantized on a circle of radius |ω 1 |.
The E n appearing above are the eigenvalues of theĤ/|ω 1 |. Owing to large diffeomorphisms of the torus, the partition function is modular invariant
for a, b, c, d ∈ Z and ad − bc = 1. For future convenience we also note the action of an element γ of the modular group SL(2, Z) on the periods
Of particular interest is the S-modular transformation τ → −1/τ . This modular transformation relates information of the light spectrum of the CFT to high energy asymptotics [23, 30] .
We shall now consider the TT deformation of the partition function 2 . We give the definition at the level of Lagrangian density. Let us consider a family of deformed theories along a trajectory parameterized by ℓ 2 . At the each point on the trajectory, the Lagrangian density is denoted by L (ℓ 2 ) and the infinitesimally deformed Lagrangian density is given by
where
is the stress-energy tensor for the theory L (ℓ 2 ) . We want to emphasise that the deformation at each point is triggered by the stress-energy tensor defined at that point and, in general, it is quite different from the stress-energy tensor of the original theory. In the presence of this deformation of the CFT, the spectrum can be solved completely. The deformed energies are
where E n and P n = 2πk n /|ω 1 | are the energies and momenta of the undeformed CFT. The momenta P n do not change under this deformation. The partition function of the deformed theory is then
There are two choices of the TT coupling in the literature which correspond to ℓ being real or purely imaginary. For the second case (see for example [2, 11] ), the deformed spectrum gets truncated beyond which it becomes imaginary. Our discussion in this section work for both cases.
Plugging in the explicit form of the new spectrum (2.5) and expanding in powers of the dimensionless parameter λ ≡ ℓ/|ω 1 |, we obtain a perturbative expansion for the partition function
Note that we have slightly changed the notation from (2.6) but we are referring to the same quantity. The values of Z m at the first few orders are
The various powers of E n and P n appearing at each order in perturbation theory can be converted into actions of derivatives on the CFT partition function, 9) leads to the following replacement rule
The derivatives ∂ τ 1,2 can be easily converted to ∂ τ and ∂τ using
Each order in the perturbative expansion Z n can therefore be related to derivatives of Z 0 with respect to the modular parameter (and its conjugate). For example
12)
This shows that, at a formal level, the deformed partition function can be generated from the undeformed one by the action of derivatives
(2.14)
where, the 'flow operator' D τ,τ is defined non-perturbatively as
where the normal ordering means in the perturbative expansion of the above operator, we put all the operators to the right of factors involving τ 2 .
Modular properties from perturbation theory
Let us now investigate the modular properties of Z(τ,τ |ℓ) order by order in perturbation theory using the formalism of the previous subsection. At the zeroth order, Z 0 , the partition function is the same as that of a CFT and is modular invariant.
It will turn out to be useful to understand the action of the derivatives ∂ τ and ∂τ on modular functions of various weights. By using the chain rule, it can be easily seen that the derivative ∂ τ transforms under modular transformation as
This implies that the action of ∂ τ on a modular invariant function increases the modular weight by 2. Note that for modular functions of zero weight the resulting function, after differentiation, is still modular. The first order correction contains the factor (∂ τ ∂τ ) Z 0 , this is a modular function of holomorphic and anti-holomorphic weights 2 each.
The situation is subtle when the derivative acts on a modular function of non-zero weight,
We encounter this at the second order (2.12), where the derivatives act on a modular function of weight 2. In general, the action of the derivative on a weight k = 0 modular function does not yield something modular
There are a number of ways to construct differential operators which preserve modularity. A well-known one is the Ramanujan-Serre derivative which corrects the second term above by the anomalous transformation of E 2 (τ ). However, the operator which turns out to be useful for present purposes is (see equation (55) in [31] )
The resulting function is a non-holomorphic modular form of weight k + 2. The strategy now is to verify whether combinations of derivatives appearing in equations (2.12), (2.13) and at higher orders can be rewritten fully in terms of D
τ . If this holds, a modular structure can be found at each order in perturbation theory. Note that the second and higher orders in perturbation theory are not guaranteed to be modular since the TT deformation involves an infinite number of terms and is not T andT of the undeformed CFT.
It can be checked perturbatively that the above expectation is indeed true, i.e., the combinations of derivatives appearing in (2.12), (2.13) and at higher orders are fully expressible in terms of the derivatives (2.18). We define the following operator to make the expressions compact
Acting this operator on a modular invariant object converts it to a non-holomorphic modular object of weight 4(j + 1). The perturbative corrections to the partition function now take the following form
20)
21)
22)
Higher orders can also be computed algorithmically and we provide the results in appendix B. This suggests the following structure for the pth order partition function
for some rational fractions a p,m . Recall that τ 2 is non-holomorphic and modular with weight 2, Im(−1/τ ) = |cτ + d| −2 Im(τ ) and D (m) Z 0 has modular weight 4(m + 1). This implies that each term within the summation symbol above are modular and transform with weight 2p
That is Z p is a non-holomorphic modular form of weight 2p. This is a non-trivial feature of the TT deformation.
Perturbation theory and the diffusion equation
From the perturbative expansion, we have strong evidence that each Z p is a non-holomorphic modular form of weight 2p, equation (2.25) . In this subsection, we prove this modular property at arbitrary orders in perturbation theory by using the diffusion equation derived in [3] 3 . For the torus, the deformed partition function satisfies the following diffusion relation, in the convention of [3]
The relation between the couplings is t = −ℓ 2 /2 and the area A is
We note that modular invariance of the deformed partition function is guaranteed from the flow equation. This is because the differential operator and the boundary condition (Z at t = 0) are modular invariant.
Plugging the the expansion (2.9) into the diffusion equation (2.26) and comparing the coefficients 4 of ℓ 2p , we obtain a relation between Z p+1 and Z p
Using the fact that Z p = Z p (τ,τ ) and the relations (2.27), we can rewrite the recursion relation (2.28) in a much more compact form
where we have used the fact that A/|ω 1 | 2 = τ 2 . We have checked that the recursive use of this reproduces (2.11)-(2.13). Written in terms of the covariant modular derivatives defined in (2.18), we simply have
We now perform mathematical induction. Assuming that Z p is a non-holomorphic modular form of weight 2p (2.25), then the above equation (2.30) clearly shows that Z p+1 is a nonholomorphic modular form of weight 2(p + 1). This completes the proof.
It is worthwhile to note that we get modular forms at each order in perturbation theory. Usually upon turning coupling/chemical potentials in CFTs, conformal perturbation theory leads to quasi-modular forms at each order -at least for the case of holomorphic irrelevant deformations [25] [26] [27] . Furthermore, because of this quasi-modularity it is often hard to find modular transformation properties of charged partition functions. In case of a nonzero U(1) chemical potential, the partition function transforms covariantly under modular transformations. For the TT deformation, each order in conformal perturbation theory gives a modular function and, therefore, the full partition is modular invariant.
Deformed partition function
Let us now return to the full partition function
The modular transformation of the dimensionless coupling λ can be uniquely fixed by demanding that each order in conformal perturbation theory transforms uniformly. Therefore, we arrive at the following modular property for the partition function
This is the key result of this paper. The transformation of λ is analogous to the elliptic variable of a torus, although it is non-holomorphic 5 .
It is worthwhile to note how the TT coupling ℓ = λ/|ω 1 | transforms. In order to see this, we recall from (2.3) that
This along with (2.32) implies that ℓ remains invariant under modular transformations.
3 An example : the free boson
Deforming the free boson theory
In this section, we consider the deformed c = 1 free boson in detail as an explicit example for our general discussion in the previous section. The advantage is that in this case we know the undeformed partition function and the perturbative corrections Z m explicitly in closed form. Although this is one of the simplest CFTs, the TT deformation is non-trivial. Let us denote the free boson Lagrangian density as
The undeformed partition function is given by
where η(τ ) is the Dedekind eta function. The factor involving the Dedekind etas comes from oscillators, whilst the 1/ √ τ 2 arises from the continuous zero modes.
The TT deformed Lagrangian is given by [2]
The square root part is exactly the same as a Nambu-Goto action for a bosonic string theory in a 3 dimensional flat target space 4) in the static gauge,
φ. Since this is a theory of strings, it demonstrates non-local features upon turning on this deformation. In this gauge, ℓ directly maps on to the length of the string, ℓ s = √ α ′ . Clearly, in the point-particle limit of the string, ℓ s → 0, the theory is local, whilst non-local features emerge when ℓ s > 0. Another way to rephrase this is that increasing the TT coupling takes us from the tensile towards the tensionless regime of strings. In a sense, the perturbative expansion which follows is in the same vein of the α ′ expansion of string perturbation theory at one-loop (i.e., at a fixed genus, g = 1). Computations similar to the one which follows have been performed in the context of the relation of effective strings to lattice gauge theories [12, [32] [33] [34] [35] [36] .
Perturbation theory
We shall now investigate the deformed partition function perturbatively. In particular, we shall use the equations (2.11), (2.12), (2.13) and their higher order analogues to find the perturbative corrections. The resulting expressions can be written down in closed form in terms of Eisenstein series. The modular properties of the perturbation series will turn out to be exactly as predicted by the general analysis of the previous section.
First order
The first order correction is given by (2.11). In order to proceed, we use the relation of the derivative of η(τ ) with the Eisenstein series E 2 (τ ) (A.4). The relations for the antiholomorphic part is exactly the same. Using the equation (A.4) and reorganizing terms, we find (Imτ = −τ 2 )
It is known that E 2 (τ ) is not modular but quasi-modular. However, the precise combinatioñ
is a modular form of holomorphic weight 2, albeit the function itself being non-holomorphic, [25, 26] . We can write Z 1 compactly as
The structure of this expression is precisely of the form (2.20). The quantity within square brackets along with Z 0 has modular weight 4 and can be identified with
Z 1 as a whole is a non-holomorphic modular form of weight 2. It is rather remarkable that the combination (3.6) precisely appears in the expression to yield a modular function. However, this feature is not so surprising at the first order since the τ -derivative on a modular invariant function yields a modular function of weight 2. As mentioned in the previous section modularity at higher orders is not guaranteed since derivatives of non-zero weight modular functions are not modular.
Second order
It is straightforward to calculate the next orders in perturbation theory. In order to get closed form expressions we use the Ramanujan identities (A.9) which provide the derivatives of Eisenstein series. These identities also allow us to simplify higher order derivatives of η(τ ). The second order correction is given by in square brackets is a non-holomorphic modular function of weight 8 and Z 2 is a nonholomorphic modular form of weight 4 as expected. This is the first non-trivial order at which we see a modular function as opposed to a quasi-modular one.
Higher orders
The third and fourth order corrections can be analogously computed as
The quantities within square brackets are clearly non-holomorphic modular functions of weights 12 and 16 respectively; these combined with the τ 2 factors result in modular weights of 6 and 8 for the full expressions. We have computed Z n up to n ∼ 20 and confirmed that the modular structure is consistent with the analysis of the previous section. (The next few orders can be found in Appendix B.) Therefore, this serves as a verification of the modular property (2.32).
Modular bootstrap and asymptotic density of states
In this section we shall utilize the modular properties of the partition function to derive an asymptotic formula for density of states in the TT deformed theories. This analysis is analogous to the derivation of Cardy's formula for CFT [23] . The density of states for the TT deformed CFTs have been derived previously in [5, 11] using the deformed spectrum and Cardy's formula. In what follows, we shall provide an independent derivation from the modular property (2.32). This will also enable us to obtain the logarithmic corrections to the entropy, which will play a role in finding the behaviour of the partition function in the UV regime.
We shall work with ℓ being real in this section, for which the spectrum does not become imaginary or truncated at high energies. The S-modular property for the partition function is simply
For a rectangular torus with a purely imaginary modular parameter, ω 1 = R, ω 2 = iβ, τ = iβ/R, this is simply Z(R, iβ, ℓ) = Z(iR, β, ℓ) in the notation of (2.6). For c > 0 theories the ground state in the TT deformed theory is the deformed vacuum of the CFT 6 , i.e., equation (2.5) with E 0 = −c/12 and P 0 = 0. Therefore, the low-temperature (β → ∞) expansion is
The S-modular transform (R ↔ β) of this yields the high temperature behaviour. The partition function can also be written as an integral over the spectrum by introducing the spectral density ρ(E) = n δ(E − E ℓ n ).
The condition cℓ 2 ≤ 6β 2 needs to be satisfied in order to ensure reality of the expression above. Since β is small at high temperatures, the analysis of this section has a restricted regime of validity. ρ(E) can be extracted by the inverse Laplace transform.
The integral above is dominated by a saddle at
The first factor is the conventional saddle that appears in the derivation of the Cardy's formula. The second ℓ dependent factor is the deformation due to TT . Retaining quadratic fluctuations about the saddle point, we are led to the following behaviour for the density of states at high energies
It can be seen that the density of states exhibits a cross-over between Hagedorn and Cardy regimes. In the UV regime (R being small), ℓ 2 E ≫ 2R we get the Hagedorn behaviour
Defining the Hagedorn temperature as β H = ℓ c/6, the scaling of the partition function with respect to temperature in this regime can be found
Here, Γ(a, b) is the incomplete gamma function. In the IR regime ℓ 2 E ≪ 2R, we recover the standard Cardy growth for a CFT
It is worthwhile noting that, although (4.6) has a restricted regime of validity it still holds true beyond this regime i.e. the TT coupling, ℓ, need not be small. We have checked this explicitly using the spectrum of the deformed free boson theory.
A BPS sector
In this section, we point out an interesting sector in the spectrum that is invariant under the TT deformation. This can be easily seen from the deformed energy spectrum (2.5). If we take P n = E n , we have
which is invariant. Recall that in the undeformed CFT energy and momentum are related to the conformal dimensions (∆ n ,∆ n ) as
The condition E n = P n implies∆
In theories with supersymmetry, the above condition is satisfied by Ramond ground states. However, this is a BPS condition which does not necessarily rely on supersymmetry. From the bulk point of view, these states correspond to extremal black holes. This observation reveals another intrinsic simplicity of the TT deformation.
For theories with supersymmetry, a direct consequence of this is that the elliptic genus is conserved along the TT flow. This occurs because states obeying (5.3) are annhiliated bȳ T of the ℓ 2 TT coupling. The elliptic genus is defined as
Here,Ĥ (ℓ) is the deformed Hamiltonian, F R is the right-moving fermion number and the factor of (−1) F R imposes a Bose-Fermi cancellation to restrict the sum only over Ramond ground states, i.e., states obeying the condition (5.3) are the only ones that will survive the trace. This renders the elliptic genus to be independent ofτ . Since the sum is over states of the kind (5.3) which remain undeformed by TT , the elliptic genus remains invariant. Therefore, for supersymmetric theories, the quantity (5.4) can be potentially used to classify various TT trajectories.
It would be intriguing to investigate whether this sector remains protected under more general integrable deformations by X s corresponding to conserved higher spin currents {T s+1 , T s+1 } [1] . These take the form
where, {Θ s−1 ,Θ s−1 } are the traces. This would require knowledge of the deformed spectrum in these cases.
Comments on holography
A holographic dual for TT deformed CFTs, for ℓ being purely imaginary, has been proposed in [4, 11] in terms of AdS 3 with a finite radial cut-off [38] . This intriguing proposal reproduces several features of the deformation, including the spectrum, thermodynamics and signal propagation speeds. Furthermore, correlation functions of stress-tensors can be reproduced in this cut-off geometry [17, 18] .
The formalism developed in Section 2 can be used to find how one-loop determinants of various fields in the bulk would get modified by the cut-off geometry. In particular, the deformation of the vacuum character of the CFT can be found using the differential operators (e.g. (2.11), (2.12) and (2.13)). It is known that the vacuum character is reproduced by the one-loop determinant of the bulk massless gravitons [39, 40] . Therefore, if the proposal of [11] is true at one-loop it should agree with the deformed vacuum character. The modified product of the holomorphic and non-holomorphic vacuum character is given by
where we have used (2.11) to evaluate the first correction. This provides a sharp prediction for the one-loop determinant of the massless graviton in thermal AdS 3 / BTZ black hole with a radial cutoff.
In the bulk one tractable way to evaluate this correction to the one-loop determinant is by evaluating the quasinormal modes (QNMs) of the graviton of the BTZ black hole with a radial cut-off. The one-loop determinant can be written as a product over quasinormal modes [41] . The wave equation for the field can be solved exactly in the black hole background in terms of hypergeometric functions [42, 43] . The ingoing boundary condition at the horizon is imposed as usual, but the Dirichlet boundary conditions are now imposed at the finite radial cut-off instead of at asymptotic infinity. The spectrum of the QNMs can be solved perturbatively. This can then be used (along with suitable constraints for gauge-fixing) to verify whether (6.1) can be rederived from the bulk.
Conclusions
In ways more than one, the TT deformation is special. Although it is an irrelevant deformation, it has several remarkable features and relates to starkly different kinds of physics. In this work, we have found yet another interesting feature of the deformed theories regarding the modular properties of the torus partition function. Based on the modular property, we derived a Cardy like formula for the asymptotic density of states which interpolates between a standard Cardy like behavior and a typical stringy Hagedorn like behavior. Modular invariance is a priori unexpected especially when irrelevant deformations are turned on, which typically demand the need of UV regulators. However, for the TT deformation the UV cutoff does not appear manifestly in a number of quantities and partition function is still modular invariant. We also pointed out the existence of a BPS like sector in the spectrum and that the elliptic genus is invariant under TT deformation. Finally, we also commented on how the vacuum character changes under the TT deformation and a possible check from the holographic point of view.
As mentioned in the introduction, the TT deformation can be interpreted as coupling the field theory to a gravitational theory, either stochastic gravity [3] or the JT gravity [9] . It is an interesting question to understand the physical meaning of the modular properties from the point of view of quantum gravity. As a concrete starting point, the TT deformed free boson is nothing but the Nambu-Goto string where the deformation parameter ℓ 2 plays the role of the string coupling constant α ′ . Tuning up the TT coupling is analogous to decreasing the string tension. The ℓ → ∞ limit then corresponds to the tensionless point where additional higher-spin symmetries emerge [44] . In particular, the deformed spectrum (2.5) in this limit becomes E (∞) n ≃ P n and the partition function is
that is, the CFT partition function with τ =τ is recovered. It will be intriguing to understand the implications of the above relation in greater detail.
Up to now the spectrum and the partition function (on non-trivial finite geometries [3, 9] ) is reasonably understood although many questions remain open. From a purely mathematical standpoint, it would be interesting to construct classes of modular functions of the kind (2.32) and study them with a view towards relating them to the TT deformed CFTs. It is also important to consider the deformations of other observables such as correlation functions and entanglement entropies. A good starting point can be correlation functions of BPS operators identified in Section 5. These operators generically have non-vanishing OPE coefficients with non-BPS ones and therefore lead to correlation functions with non-trivial dependence on the TT coupling. This would require an understanding how local operators of the CFT get deformed under the TT deformation. From the gravitational interpretation of the TT deformation, it might be quite subtle to define local operators. However, near the critical point, it may be possible to proceed using conformal perturbation theory, some steps in this direction were undertaken in [17] .
For computing quantities near critical points, it will be worthwhile to develop conformal perturbation theory for the TT deformation, both for the partition function and for other observables. The conformal perturbation theory involves divergent integrals and one needs to fix the prescription for doing conformal perturbation theory in finite geometries. One way to proceed is by using the results for the deformed free boson in Section 3 where both the deformed Lagrangian and partition functions are known explicitly. Once we understand how to perform integrals for the partition function, calculation of correlation functions can be potentially tackled.
Finally, for integrable CFTs, TT is only one of the members in the family of irrelevant operators that preserve integrability. It will be interesting to study how the spectrum and partition functions deform under these higher irrelevant operators [1] and whether there are some interesting modular properties.
where q = e 2πiτ . Under the modular transformations, the Einsenstein series transform as
and E 2n (γ · τ ) = (cτ + d) 2n E 2n (τ ), E 2n (γ ·τ ) = (cτ + d) 2n E 2n (τ ) (A.7)
for n > 1. We notice that E 2 does not transform covariantly under modular transformation and is thus quasi-modular. This can be fixed by a shift, at the price of making it nonholomorphic (although it transforms holomorphically)
It is exactly this combination that appears in the perturbative expansion of the free boson partition function in the main text.
The derivatives of the Eisentein series are given by the Ramanujan identities
∂ τ E 6 (τ ) = πi E 2 (τ )E 6 (τ ) − E 4 (τ ) 2 .
(A.9)
The above relations also allow us to express higher order derivatives of η(τ ) in terms of E 2n (τ ). For instance 
B Higher order partition functions General higher order corrections
The higher order (from 5th to 10th order) expansions of the partition function in terms of the modular differential operators are as follows. Here the symbols F k are non-holomorphic modular forms of weight 4k and are defined as 
